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Abstract
Let  denote a bipartite Q-polynomial distance-regular graph with diameter d3, valency k3 and intersection number c2 = 1.
We show that  has a certain equitable partition of its vertex set which involves 4d − 4 cells. We use this partition to show that the
intersection numbers of  satisfy the following divisibility conditions:
ci+1 − 1 divides ci(ci − 1) for 2 id − 1,
bi−1 − 1 divides bi(bi − 1) for 1 id − 1.
Using these divisibility conditions we show  does not exist if d = 4.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let  denote a Q-polynomial distance-regular graph with diameter d3, valency k3 and intersection numbers
ai, bi, ci (see Sections 2 and 4 for formal deﬁnitions). In [7], Lewis showed that the girth of  is at most 6. The present
paper is part of an effort to classify the examples with girth 6. In order to motivate our results we give some comments
on this case.
Assume for the moment that  has girth 6. Then a1 =a2 =0 and c2 =1. By [8, Theorem 6.3],  is bipartite or almost
bipartite. The classiﬁcation of almost bipartite Q-polynomial distance-regular graphs with girth 6 is given in [6], so it
remains to consider the case in which  is bipartite.
For the rest of this introduction we assume  is bipartite with girth 6. We present a result which we hope will lead
to a classiﬁcation. Let V denote the vertex set of  and ﬁx vertices x, y ∈ V such that (x, y) = 2. For all integers
i, j (0 i, jd) we deﬁne Dij = Dij (x, y) by
Dij = {w ∈ V|(x,w) = i and (y,w) = j}.
Observe that Dij = ∅ if |i − j |> 2. Since  is bipartite, we also have Dij = ∅ whenever i + j is odd. Let z be
the unique common neighbour of x and y. For 1 id and for w ∈ Dii we ﬁnd from the triangle inequality that
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(w, z) ∈ {i − 1, i + 1}; we deﬁne
Dii (1) = {w ∈ Dii |(w, z) = i − 1} and Dii (0) = {w ∈ Dii |(w, z) = i + 1}.
We show that the sets Di−2i , D
i
i−2 (2 id), Dii (0) (2 id − 1) and Dii (1) (1 id) are nonempty. Using
Terwilliger’s “balanced set” characterization of the Q-polynomial property we show that the partition of V into
the above sets is equitable. Moreover, the corresponding parameters of this partition are independent of the choice of
vertices x, y.
Using the fact that the corresponding parameters are nonnegative integers, we show that the intersection numbers of
 satisfy the following divisibility conditions:
ci+1 − 1 divides ci(ci − 1) for 2 id − 1,
bi−1 − 1 divides bi(bi − 1) for 1 id − 1.
We use these conditions to show that there does not exist a bipartite Q-polynomial distance-regular graph with
valency k3, c2 = 1 and diameter 4.
Our paper is organized as follows. In Sections 2 and 4 we set up some necessary tools for the proof of our main
results. In Section 3 we describe a partition of the vertex set of and in Section 5 we show that this partition is equitable.
We look at the case d = 4 in Section 6.
2. Preliminaries
In this section, we review some deﬁnitions and basic concepts. See the book of Brouwer et al. [2] formore background
information.
Throughout this paper,  will denote a ﬁnite, undirected, connected graph, without loops or multiple edges, with
vertex set V, edge set E, path length distance function , and diameter d := max{(x, y)|x, y ∈ V}. For a vertex
x ∈ V deﬁne i (x) to be the set of vertices at distance i from x. We abbreviate (x) := 1(x). The graph  is said to
be distance-regular whenever for all integers h, i, j (0h, i, jd), and all x, y ∈ V with (x, y) = h, the number
phij := |{z|z ∈ V, (x, z) = i, (y, z) = j}| (1)
is independent of x, y. The constants phij are known as the intersection numbers of . For convenience, set ci := pi1i−1
for 1 id, ai := pi1i for 0 id, bi := pi1i+1 for 0 id − 1, ki := p0ii for 0 id, and c0 = bd = 0. We
observe a0 = 0, c1 = 1. Moreover, for 0 id we have
ci + ai + bi = k, (2)
where k := k1. Observe that for h, i, j (0h, i, jd), phij = 0 (resp. phij = 0) if one of h, i, j is greater than (resp.
equal to) the sum of the other two. Observe also that  is bipartite if and only if ai = 0 for 0 id. In this case
bi + ci = k for 0 id and phij = 0 unless i + j + h is even.
By [2, p. 127] we have
k0 = 1 and ki = (b0b1 . . . bi−1)/(c1c2 . . . ci) (1 id). (3)
The following formulae will be useful.
Lemma 2.1 (Brouwer et al. [2, Lemma 4.1.7]). Let  denote a distance-regular graph with diameter d3. Then the
following (i)–(iii) hold.
(i) p10,1 = 1 and p1i−1,i = (b1b2 . . . bi−1)/(c1c2 . . . ci−1) (2 id);
(ii) p20,2 = 1 and p2i−2,i = (b2b3 . . . bi−1)/(c1c2 . . . ci−2) (3 id);
(iii) p22,2 = (c2b1 +a22 + c3b2 −k−a1a2)/c2 and p2ii = (b2b3 . . . bi−1)(cibi−1 +a2i + ci+1bi −k−a1ai)/(c1c2 . . . ci)
(3 id − 1).
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From now on we assume  is distance-regular with diameter d3. For 0 id, the distance matrix Ai has rows
and columns indexed by V, and x, y entry
(Ai)xy =
{
1 if (x, y) = i,
0 if (x, y) = i, (x, y ∈ V). (4)
The matrices A0, A1, . . . , Ad form a basis for a commutative semi-simple R-algebra M, known as the Bose–Mesner
algebra, see for example Godsil [5, Lemma 11.2.2]. The algebra M has a second basis E0, E1, . . . , Ed such that
E0 = |V|−1J , (5)
EiEj = ijEi for 0 i, jd , (6)
E0 + E1 + · · · + Ed = I , (7)
Eti = Ei for 0 id , (8)
see Godsil [5, Theorem 12.2.1]. The E0, E1, . . . , Ed are known as the primitive idempotents of , and E0 is the trivial
idempotent.
Set A := A1, and for 0 id deﬁne a real number i by
A =
d∑
i=0
iEi . (9)
Then AEi = EiA = iEi for 0 id , and 0 = k. The scalars 0, 1, . . . , d are distinct, since A generates M [1,
p. 197]. The 0, 1, . . . , d are known as the eigenvalues of .
For notational convenience, we identify V with the standard orthonormal basis in the Euclidean space (V , 〈, 〉),
where V = R|V| (column vectors), and where 〈, 〉 is the dot product
〈u, v〉 = utv (u, v ∈ V ).
Let  denote an eigenvalue of , and let E denote the associated primitive idempotent. For 0 id deﬁne a real
number ∗i by
E = |V|−1
d∑
i=0
∗i Ai .
We call the sequence ∗0, ∗1, . . . , ∗d the dual eigenvalue sequence associated with , E. We say the sequence is trivial
whenever E = E0 (in which case ∗0 = ∗1 = · · · = ∗d = 1). In the following lemma, we cite a well-known result about
primitive idempotents.
Lemma 2.2 (Terwilliger [11, Lemma 1.1]). Let  denote a distance-regular graph with diameter d3, let E denote a
primitive idempotent of, and let ∗0, ∗1, . . . , ∗d denote the corresponding dual eigenvalue sequence. Then for 0 id
and for all x, y ∈ V with (x, y) = i we have 〈Ex,Ey〉 = |V|−1∗i .
An equitable partition of a graph is a partition  = {C1, C2, . . . , Cs} of its vertex set into nonempty cells such that
for all integers i, j (1 i, js) the number cij of neighbours, which a vertex in the cell Ci has in the cell Cj , is
independent of the choice of the vertex in Ci . We call the cij the corresponding parameters.
3. The partition—part I
Let  denote a bipartite distance-regular graph with diameter d3, valency k3 and intersection number c2 = 1.
In this section we describe a certain partition of the vertex set V.
Deﬁnition 3.1. Let  denote a bipartite distance-regular graph with diameter d3, valency k3 and intersection
number c2 = 1. Fix vertices x, y ∈ V such that (x, y) = 2. For all integers i, j we deﬁne Dij = Dij (x, y) by
Dij = {w ∈ V|(x,w) = i and (y,w) = j}.
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We observe Dij = ∅ unless 0 i, jd . Moreover |Dij | = p2ij for 0 i, jd.
We say  is 2-homogeneous in the sense of Nomura [9] whenever (i) for all x, y ∈ V such that (x, y) = 2, the
partition of V given by Deﬁnition 3.1 is equitable; and (ii) the corresponding parameters do not depend on x, y.
Lemma 3.2. With reference to Deﬁnition 3.1, the following (i), (ii) hold for 0 i, jd.
(i) If |i − j |> 2 then Dij = ∅.
(ii) If i + j is odd then Dij = ∅.
Proof. (i) If |i − j |> 2 then p2ij = 0 so Dij = ∅.
(ii) If i + j is odd then p2ij = 0 so Dij = ∅. 
Lemma 3.3. With reference to Deﬁnition 3.1, the following (i), (ii) hold.
(i) |D20 | = |D02 | = 1 and |Dii−2| = |Di−2i | = (b2b3 . . . bi−1)/(c1c2 . . . ci−2) (3 id);
(ii) Dii−2 = ∅, Di−2i = ∅ (2 id).
Proof. (i), (ii) Immediate from Lemma 2.1(ii) and since |Dii−2| = |Di−2i | = p2i−2,i . 
Since  is bipartite, we easily obtain the following lemma.
Lemma 3.4. With reference to Deﬁnition 3.1, there are no edges inside the set Dij for 0 i, jd.
Lemma 3.5. With reference to Deﬁnition 3.1, let z ∈ D11. Then for 1 id and for w ∈ Dii we have (w, z) ∈{i − 1, i + 1}.
Proof. From the triangle inequality we ﬁnd i − 1(w, z) i + 1. Now if (w, z)= i, then we have a cycle of an odd
length in , a contradiction. 
Deﬁnition 3.6. Let  denote a bipartite distance-regular graph with diameter d3, valency k3 and intersection
number c2 = 1. Fix vertices x, y ∈ V such that (x, y) = 2 and let z denote the unique common neighbour of x
and y. For 0 i, jd let the sets Dij be as deﬁned in Deﬁnition 3.1. For 1 id we deﬁne Dii (1) = Dii (1)(x, y) and
Dii (0) = Dii (0)(x, y) by
Dii (1) = {w ∈ Dii |(w, z) = i − 1} and Dii (0) = {w ∈ Dii |(w, z) = i + 1}.
We observe Dii is the disjoint union of Dii (0) and Dii (1).
We have a comment.
Lemma 3.7. With reference to Deﬁnition 3.6, the following (i), (ii) hold.
(i) D11(1) = {z} and D11(0) = ∅.
(ii) Ddd (1) = Ddd and Ddd (0) = ∅.
Proof. Immediate from Deﬁnition 3.6. 
Lemma 3.8. With reference to Deﬁnition 3.6, the following (i), (ii) hold.
(i) |Dii (1)| = p1i−1,i − p2i−2,i (2 id);
(ii) |Dii (0)| = p2ii − p1i−1,i + p2i−2,i (2 id − 1).
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Proof. (i) Let A = {w ∈ V|(x,w) = i and (z, w) = i − 1} and B = {w ∈ V|(x,w) = i and (y,w) = i − 2}.
Observe that |A| = p1i−1,i and |B| = p2i−2,i . Since z is at distance 1 from x and y, we obtain, by triangle inequality,
B ⊆ A. For each w ∈ A we also have (w, y) ∈ {i − 2, i − 1, i}. But (w, z) cannot be i − 1 as  is bipartite, hence
Dii (1) = A\B. The result now follows.
(ii) Observe that Dii is a disjoint union of Dii (1) and Dii (0) and that |Dii | = p2ii . The result follows. 
Corollary 3.9. With reference to Deﬁnition 3.6, the following (i), (ii) hold.
(i)
|D22(1)| = b1 − 1 and |Dii (1)| =
(bi−1 − 1)b2 . . . bi−1
c1 . . . ci−1
(3 id);
(ii)
|Dii (0)| =
(ci+1 − 1)b2 . . . bi
c1 . . . ci
(2 id − 1).
Proof. (i), (ii) Combine Lemmas 3.8 and 2.1. 
Lemma 3.10. With reference to Deﬁnition 3.6, the following (i)–(iii) hold.
(i) For 2 id, there is no edge between Dii (0) and Dii (1).
(ii) For 2 id − 1, there is no edge between Dii (0) and Di−1i−1(1).
(iii) There is no edge between D22(1) and D31 ∪ D13.
Proof. (i) Immediate from Lemma 3.4.
(ii) By the deﬁnition of the set Dii (0).
(iii) Let w ∈ D22(1). Then z is the common neighbour of x and w and of y and w. Since c2 = 1, w has no neighbours
in D31 ∪ D13. 
With reference to Deﬁnition 3.6, Lemmas 3.2, 3.7 and 3.10, we visualize Di−2i , D
i
i−2,D
i
i (0) and D
i
i (1) in Fig. 1.
x
z
y
Fig. 1. The partition. The circles in the ﬁrst line represent the sets Di−2
i
(3 id), the circles in the second line represent the sets
Di
i
(0) (2 id − 1), the circles in the third line represent the sets Di
i
(1) (2 id) and the circles in the fourth line represent the sets
Di
i−2 (3 id). Observe that i (x) = Dii−2 ∪ Dii (1) ∪ Dii (0) ∪ Dii+2 and i (y) = Di−2i ∪ Dii (0) ∪ Dii (1) ∪ Di+2i .
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Lemma 3.11. With reference to Deﬁnition 3.6, the following (i)–(iii) hold.
(i) For each integer i(2 id), each w ∈ Dii−2 (resp. Di−2i ) is adjacent to
(a) precisely ci−2 vertices in Di−1i−3 (resp. Di−3i−1),
(b) precisely bi vertices in Di+1i−1 (resp. Di−1i+1),
(c) precisely ci−1 − ci−2 vertices in Di−1i−1(1),
(d) precisely ci − ci−1 vertices in Di−1i−1(0),
and no other vertices in V.
(ii) For each integer i(2 id − 1), each w ∈ Dii (0) is adjacent to
(a) precisely bi+1 vertices in Di+1i+1(0),
(b) precisely ci − |(w) ∩ Di−1i−1(0)| vertices in Di+1i−1,
(c) precisely ci − |(w) ∩ Di−1i−1(0)| vertices in Di−1i+1,
(d) precisely bi + |(w) ∩ Di−1i−1(0)| − ci − bi+1 vertices in Di+1i+1(1),
(e) precisely |(w) ∩ Di−1i−1(0)| vertices in Di−1i−1(0),
and no other vertices in V.
(iii) For each integer i(1 id), each w ∈ Dii (1) is adjacent to
(a) precisely ci−1 vertices in Di−1i−1(1),
(b) precisely bi − |(w) ∩ Di+1i+1(1)| vertices in Di+1i−1,
(c) precisely bi − |(w) ∩ Di+1i+1(1)| vertices in Di−1i+1,
(d) precisely ci + |(w) ∩ Di+1i+1(1)| − bi − ci−1 vertices in Di−1i−1(0),
(e) precisely |(w) ∩ Di+1i+1(1)| vertices in Di+1i+1(1),
and no other vertices in V.
Proof. (i) The proof of (a) and (b) is a routine. We now prove the case (c). Observe that w is at distance i − 1 from z,
so there is exactly ci−1ci−2 · · · c1 paths of length i − 1 from w to z. Since w has exactly ci−2 neighbours in Di−1i−3 (resp.
Di−3i−1), ci−2ci−2ci−3 · · · c1 of these paths pass throughDi−1i−3 (resp.Di−3i−1). The remaining (ci−1−ci−2)ci−2 · · · c1 paths
must pass through Di−1i−1(1). Let v ∈ Di−1i−1(1). Since (v, z) = i − 2, there is exactly ci−2 · · · c1 paths of length i − 2
between v and z. Hence w has exactly ci−1 − ci−2 neighbours in Di−1i−1(1). The case (d) is now trivial, since  is regular
with valency k = bi + ci .
(ii) Since, by Deﬁnition 3.6, (w, z)= i+1,w must have exactly bi+1 neighbours ini+2(z). Buti+2(z)∩(w) ⊆
Di+1i+1(0), so (a) follows. The proof of (b)–(e) is now routine.
(iii) Since (w, z)= i − 1, w must have exactly ci−1 neighbours in i−2(z). But i−2(z)∩(w) ⊆ Di−1i−1(1), so (a)
follows. The proof of (b)–(e) is now routine. 
4. Q-polynomial property
Let denote a distance-regular graphwith diameter d3. TheKrein parameters qhij (0h, i, jd) of are deﬁned
by
Ei ◦ Ej = |V|−1
d∑
h=0
qhijEh (0 i, jd), (10)
where ◦ denotes entrywisemultiplication.We say isQ-polynomial (with respect to the given orderingE0, E1, . . . , Ed
of the primitive idempotents), whenever for all distinct integers i, j (0 i, jd),
q1ij = 0 if and only if |i − j | = 1.
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Let E denote a nontrivial primitive idempotent of . We say  is Q-polynomial with respect to E whenever there exists
an ordering E0, E1 =E, . . . , Ed of the primitive idempotents of , with respect to which  is Q-polynomial. We have
the following useful lemmas about the Q-polynomial property.
Lemma 4.1 (Brouwer et al. [2, Theorem 8.1.1]). Let  denote a distance-regular graph with diameter d3. Let E
denote a nontrivial primitive idempotent of and let ∗0, ∗1, . . . , ∗d denote the corresponding dual eigenvalue sequence.
Suppose  is Q-polynomial with respect to E. Then ∗0, ∗1, . . . , ∗d are mutually distinct.
Lemma 4.2 (Terwilliger [11, Theorem 3.3]). Let  denote a distance-regular graph with diameter d3. Let E denote
a nontrivial primitive idempotent of  and let ∗0, ∗1, . . . , ∗d denote the corresponding dual eigenvalue sequence. Then
the following (i), (ii) are equivalent.
(i)  is Q-polynomial with respect to E.
(ii) ∗0 = ∗i for 1 id; for all integers h, i, j (1hd), (0 i, jd) and for all vertices x, y ∈ V with
(x, y) = h the following hold:
∑
z∈V
(x,z)=i
(y,z)=j
Ez −
∑
z∈V
(x,z)=j
(y,z)=i
Ez ∈ span {Ex − Ey}.
Suppose (i), (ii)hold.Then for all integersh, i, j (1hd), (0 i, jd)and for allx, y ∈ V such that(x, y)=h,
∑
z∈V
(x,z)=i
(y,z)=j
Ez −
∑
z∈V
(x,z)=j
(y,z)=i
Ez = phij
∗i − ∗j
∗0 − ∗h
(Ex − Ey). (11)
5. The partition—part II
In this section we assume  is Q-polynomial. We show the partition from Section 3 is equitable, and that the
corresponding parameters are independent of x, y.
Lemma 5.1. Let  denote a bipartite distance-regular graph with diameter d3, valency k3 and intersection
number c2 = 1. Let E denote a nontrivial primitive idempotent of  and let ∗0, ∗1, . . . , ∗d denote the corresponding
dual eigenvalue sequence. Assume  is Q-polynomial with respect to E. Then with reference to Deﬁnition 3.6, the
following (i), (ii) hold.
(i) For 2 id − 1 and for w ∈ Dii (0),
|(w) ∩ Di−1i−1(0)| = ci
(∗0 − ∗i )(∗3 − ∗i+1) − (∗1 − ∗i−1)(∗2 − ∗i )
(∗0 − ∗i )(∗i−1 − ∗i+1)
.
(ii) For 1 id − 1 and for w ∈ Dii (1),
|(w) ∩ Di+1i+1(1)| = bi
(∗0 − ∗i )(∗3 − ∗i−1) − (∗1 − ∗i+1)(∗2 − ∗i )
(∗0 − ∗i )(∗i+1 − ∗i−1)
.
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Proof. (i) We abbreviate = |(w)∩Di−1i−1(0)| and = |(w)∩Di−1i+1 |. We observe + = ci . By Lemma 4.2 we ﬁnd
∑
v∈V
(x,v)=i−1
(w,v)=1
Ev −
∑
v∈V
(x,v)=1
(w,v)=i−1
Ev = ci 
∗
i−1 − ∗1
∗0 − ∗i
(Ex − Ew). (12)
Observe that {v ∈ V|(x, v) = 1, (w, v) = i − 1} ⊆ D13. Taking the inner product of (12) with Ey using Lemma
2.2, we get (after multiplying by |V|)
∗i−1 + ∗i+1 − ci∗3 = ci
∗i−1 − ∗1
∗0 − ∗i
(∗2 − ∗i ).
Evaluating the above line using  = ci −  and ∗i−1 = ∗i+1 we obtain
 = ci (
∗
0 − ∗i )(∗3 − ∗i+1) − (∗1 − ∗i−1)(∗2 − ∗i )
(∗0 − ∗i )(∗i−1 − ∗i+1)
.
The assertion now follows.
(ii) We abbreviate 1 = |(w)∩Di+1i+1(1)| and 1 = |(w)∩Di+1i−1 |. We observe 1 + 1 = bi . By Lemma 4.2 we ﬁnd
∑
v∈V
(x,v)=i+1
(w,v)=1
Ev −
∑
v∈V
(x,v)=1
(w,v)=i+1
Ev = bi 
∗
i+1 − ∗1
∗0 − ∗i
(Ex − Ew). (13)
We continue as in the case (i) above to obtain the desired result. 
Our next goal is to show Dii (0) = ∅ for 2 id − 1 and Dii (1) = ∅ for 1 id. We will need the following result.
Lemma 5.2. Let  denote a Q-polynomial bipartite distance-regular graph with diameter d3, valency k3 and
intersection number c2 = 1. Then
(i) 2c3 · · · cd ;
(ii) b0b1 · · · bd−12.
Proof. (i) By [7, Theorem 28], we have c32, and by [2, Proposition 4.1.6.(i)] we have cici−1 for 4 id. The
result follows.
(ii) By [2, Proposition 4.1.6.(i)] we have bi−1bi for 1 id − 1. We show bd−12. Assume for the moment
bd−1 = 1. Observe that in this case pd2,d = 0. We deﬁne  by
2 = max{i + j − d|0 i, jd, pdij = 0}.
Since  is bipartite, we ﬁnd by [3, Lemma 8.3] that  = 0. Fix a vertex u ∈ V and deﬁne graph 2d by
V2d = d(u), E2d = {(v,w) ∈ V2d × V2d |(v,w) = 2}.
By [3, Theorem 9.2],2d is a connected graph with diameter 0. Thus |d(u)|=kd =1 and, by [2, Proposition 5.1.1], is
an antipodal 2-cover. By [4, Theorem 42], is 2-homogeneous. But then, by [10, Theorem 1.2], c2 > 1, a contradiction.
We conclude bd−12 and the result follows. 
Lemma 5.3. Let  denote a Q-polynomial bipartite distance-regular graph with diameter d3, valency k3 and
intersection number c2 = 1. With reference to Deﬁnition 3.6, the following (i), (ii) hold.
(i) For 2 id − 1, Dii (0) = ∅.
(ii) For 1 id, Dii (1) = ∅.
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Proof. (i) Immediate from Corollary 3.9(ii) and since ci+1 > 1 by Lemma 5.2(i).
(ii) Immediate from Corollary 3.9(i) and since bi−1 > 1 by Lemma 5.2(ii). 
Theorem 5.4. Let  denote a Q-polynomial bipartite distance-regular graph with diameter d3, valency k3 and
intersection number c2=1.Thenwith reference toDeﬁnition3.6, the partition ofV into the setsDi−2i , Dii−2 (2 id),
Dii (0) (2 id − 1) and Dii (1) (1 id) is equitable. Moreover, the corresponding parameters are independent of
x, y.
Proof. Immediate from Lemmas 3.3(ii), 3.11, 5.1 and 5.3. 
We are now ready to ﬁnd divisibility conditions, which must be satisﬁed by the intersection numbers of . We ﬁrst
prove a second version of Lemma 5.1.
Lemma 5.5. Let  denote a Q-polynomial bipartite distance-regular graph with diameter d3, valency k3 and
intersection number c2 = 1. Then with reference to Deﬁnition 3.6 the following (i), (ii) hold.
(i) For 2 id − 1 and for w ∈ Dii (0),
|(w) ∩ Di−1i−1(0)| =
ci(ci − 1)
ci+1 − 1 .
(ii) For 1 id − 1 and for w ∈ Dii (1),
|(w) ∩ Di+1i+1(1)| =
bi(bi − 1)
bi−1 − 1 .
Proof. (i) Observe that the assertion holds for i = 2, so assume i3. By Lemma 3.11(ii), every vertex in Di−1i−1(0)
has precisely bi neighbours in Dii (0). By Lemma 5.1, every vertex in D
i
i (0) has a constant number  of neighbours in
Di−1i−1(0). So we have
|Di−1i−1(0)|bi = |Dii (0)|.
Calculating  using Corollary 3.9(ii) we obtain  = ci(ci − 1)/(ci+1 − 1).
(ii) Observe that the assertion holds for i = 1, so assume i2. By Lemma 3.11(iii), every vertex in Di+1i+1(1) has
precisely ci neighbours in Dii (1). By Lemma 5.1, every vertex in D
i
i (1) has a constant number 1 of neighbours in
Di+1i+1(1). So we have
|Dii (1)|1 = |Di+1i+1(1)|ci .
Calculating 1 using Corollary 3.9(i) we obtain 1 = bi(bi − 1)/(bi−1 − 1). 
Theorem 5.6. Let  denote a Q-polynomial bipartite distance-regular graph with diameter d3, valency k3 and
intersection number c2 = 1. Then the following (i), (ii) hold.
(i) ci+1 − 1 divides ci(ci − 1) for 2 id − 1;
(ii) bi−1 − 1 divides bi(bi − 1) for 1 id − 1.
Proof. Immediate from Lemma 5.5. 
Corollary 5.7. Let  denote a Q-polynomial bipartite distance-regular graph with diameter d3, valency k3 and
intersection number c2 =1. Then k−2 divides (c3 −1)(c3 −2). In particular, either c3 =2 or (c3 −1)(c3 −2)k−2.
Proof. Apply Theorem 5.6(ii) with i = 3, b2 = k − 1 and b3 = k − c3. 
Š. Miklavicˇ / Discrete Mathematics 307 (2007) 544–553 553
6. Case d = 4
In this section, we show there does not exist a Q-polynomial bipartite distance-regular graph with diameter d = 4,
valency k3 and intersection number c2 = 1.
Theorem 6.1. There does not exist a Q-polynomial bipartite distance-regular graph with diameter d=4, valency k3
and intersection number c2 = 1.
Proof. Let denote aQ-polynomial bipartite distance-regular graphwith diameter d=4, valency k3 and intersection
number c2 = 1. Abbreviate b = k − 1 and c = c3 − 1. Since c4 = k we obtain from Theorem 5.6(i) c(c + 1) = b for
some nonnegative integer . Further, since b2 = k − 1, we obtain from Theorem 5.6(ii) that k − 2 divides b3(b3 − 1)=
(k − 2 − c3 + 2)(k − 2 − c3 + 1). Hence c(c − 1) = 	(b − 1) for some nonnegative integer 	. If c = 1, then b = 2,
implying k = 3. But then b3 = 1, contradicting Lemma 5.2(ii). So we have
c + 1
c − 1 =

	
b
b − 1 .
Since the sequence (n + 1)/(n − 1) (2n) is decreasing and since 2cb − 1, we obtain (c + 1)/(c − 1)b/
(b − 2)> b/(b − 1). So /	> 1, and we have 	 =  − a for some positive integer a. If we subtract the equations
c2 + c = b and c2 − c = ( − a)(b − 1), we obtain 2c =  + ab − a.
Suppose ﬁrst that a2. Then we have c = /2 + (a/2)(b − 1)1 + b − 1 = b, a contradiction. Thus a = 1 and
c = ( + b − 1)/2. So we have c2 + c = c(c + 1) = ( + b − 1)( + b + 1)/4 = b, or ( − b − 1)( − b + 1) = 0.
If  = b + 1 then c = b, a contradiction. Hence  = b − 1, implying c3 = k − 1. But then b3 = 1, contradicting
Lemma 5.2(ii). We conclude  does not exist. 
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